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Abstract 

We first recall that the system of fluid mechanics equations (Euler and continu- 
ity) that describes a fluid in irrotational motion subjected to a generalized quantum 
potential (in which the constant is no longer reduced to the standard quantum con- 
stant h) is equivalent to a generalized Schrodinger equation. Then we show that, 
even in the case of the presence of vorticity, it is also possible to obtain, for a large 
class of systems, a Schrodinger-like equation of the vectorial field type from the 
continuity and Euler equations including a quantum potential. The same kind of 
transformation also applies to a classical charged fluid subjected to an electromag- 
netic field and to an additional potential having the form of a quantum potential. 
Such a fluid can therefore be described by an equation of the Ginzburg-Landau 
type, and is expected to show some superconducting-like properties. Moreover, a 
Schrodinger form can be obtained for a fluctuating rotational motion of a solid. In 
this case the mass is replaced by the tensor of inertia, and a generalized form of the 
quantum potential is derived. We finally reconsider the case of a standard diffusion 
process, and we show that, after a change of variable, the diffusion equation can 
also be given the form of a continuity and Euler system including an additional po- 
tential energy. Since this potential is exactly the opposite of a quantum potential, 
the quantum behavior may be considered, in this context, as an anti-diffusion. 

1 Introduction 

In the theory of scale relativity, three equivalent representations of the equations of motion 
can be given. 
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The first is a geodesic form, written in terms of a covariant derivative that includes 
in its very construction the effects of a nondifferentiable and fractal geometry of space- 
time [1, 2, 3, 4]. For example, in the case of a mere fractal space (i.e., when the time 
coordinate itself is not fractal), one finds that the covariant derivative reads d/dt = 
d/dt + V.V — iVA [1], where the velocity field V is complex as a consequence of a 
fundamental two-valuedness finding its origin in nondifferentiability. The coefficient V 
is a fundamental parameter which is constant for the system under consideration (the 
product 2mD generalizes Planck's constant h). The equation of geodesies then takes the 
simple Galileo inertial-like form of a motion equation in the absence of any force, 

dV 

More generally, by including an external potential 0, one obtains the form of Newton's 
fundamental equation of dynamics, mdV/dt + V0 = 0. 

The second representation is a quantum-type, Schrodinger form of the equations. 
Namely, one introduces a wave function ip = e*'^/^'"-^, where S is the action, which is 
now complex since the velocity is itself complex, and which is linked to the velocity field 
by the relation V = — 2z'DVln'0. After performing this change of variable, the equation 
of dynamics can be integrated under the form of a Schrodinger-like equation [1], 

One recovers the standard Schrodinger equation in the special case V = h/2m, but the 
whole mathematical structure of the theory (including the fundamental properties of the 
solutions) is preserved for a more general value of V, which can take in particular a 
macroscopic value [1, Chap. 7], [5, 6, 7]. 

The third representation is a fluid-like system of equations of the Euler and continuity 
type, including a 'quantum potential'. This is a mixed representation with regard to the 
previous ones, written in terms of the real part V of the complex velocity V and of the 
squared modulus P = l^/'p of the wave function. The real and imaginary parts of the 
Schrodinger equation respectively yield a Euler-like equation (after differentiation) and a 
continuity equation, 

V = -v(^), f + div(Py) = 0, (3) 

\ m J ot 

where an additional potential energy Q has emerged, that reads 

Q = -ImV^^. (4) 




This form of the quantum-mechanical equation has been known for long [8, 9], but there 
are essential differences in the new scale relativistic approach with respect to these earlier 
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studies: (i) In standard quantum mechanics the wave function, the Schrodinger equation 
and the Born postulate are set as axioms of the theory. The variable V is constructed from 
them, then its meaning as a velocity field must be a posteriori interpreted, without any 
knowledge about its nature. As a consequence, the meaning and origin of the quantum 
potential remains unclear. In scale relativity the situation is fundamentally different: the 
main axioms of quantum mechanics can be derived from more profound first principles 
[1, 2, 3, 4, 10, 11] (namely, the principle of relativity itself, once it is extended to scale 
transformations of the reference system), the velocity field V is introduced from the very 
beginning as that of the geodesies fiuid, and the emergence of the quantum potential can 
be understood as a mere manifestation of the fractal geometry of space- [time] (in analogy 
with general relativity, where the Newton potential is understood as a manifestation of 
the curved geometry of space-time), (ii) The amplitude of the quantum potential can now 
be macroscopic, while in standard quantum mechanics it is constrained to be proportional 
to the microscopic constant h^. 

In the present paper, we study the reversibility of the transformations between these 
various representations and we generalize them to more complicated situations. As we 
shall see, still generalized forms of the quantum potential can be found, and the applica- 
tion of such a quantum potential to classical Euler and continuity equations allows one 
to integrate them into Schrodinger-type equations. In such a framework, it should be 
clear from now on that by 'Schrodinger equation' we no longer exclusively mean the par- 
ticular equation of atomic and molecular quantum physics, but more generally a generic 
and universal form taken by the equations of dynamics under some general conditions 
(nondifferentiability and fractality, or presence of a quantum-like potential). 

In these derivations, the quantum potential is no longer founded on the quantum 
Planck's constant h, but on a more general parameter V which can take any macroscopic 
value and which gives back standard quantum mechanics only in the special case T> = 
h/2m. Therefore a fiuid that would be subjected to such a generalized quantum-like 
potential is expected to exhibit some macroscopic properties typical of quantum fiuids 
(though certainly not every aspects of a genuine quantum system). It has already been 
suggested that this could already be the case of some astrophysical systems [1, 6, 7, 12, 
13], and of some functions, structures and properties typical of living systems [14, 15, 
16]. Moreover, since the Euler and continuity system of equations can also be used as 
approximation in the description of many other types of physical systems, such as chaotic 
mechanical systems, n particle dynamics, etc... (see e.g. [17]), these results may also be 
relevant in these cases. 
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2 Scale relativity theory 



2.1 Geodesies equation in a fractal space 

In previous works [1, 3, 11], we have given, in the framework of the theory of scale 
relativity and fractal space-time, a derivation of a generalized Schrodinger equation and 
of a generalized Compton relation. Let us briefly remind the main steps of this derivation. 

One can prove [1, 2, 3] that the elementary displacements dX on the geodesies of a 
nondifferentiable fractal space-time can be decomposed as the sum of two terms, 

d±X = d±x + d±^, (5) 

d±C representing the "fractal (differentiable) part" and d±x, the "classical (non-differentiable) 
part", defined as 

d±x = f± dt, (6) 

d±^ = 7]±V2Vdt^/^, (7) 

where ?7 is a normalized stochastic (or simply fluctuating) variable such that (ry) = and 
(?7^) = 1. This expression for the fractal fluctuation d±^ corresponds to the critical fractal 
dimension Dp = 2 (see [2]). The two-valuedness of these differentials (described by the 
subscript ±) is a consequence of a breaking of the invariance under infinitesimal time 
reflexion [dt ^ —dt) that comes directly from nondifferent lability [3]. 

Then one combines the two time derivatives in terms of a complex derivative operator 

d 1 fdj^ d-\ i fdj^ d^\ , . 

Jt~2\jt^lt)~2\jt~lt)' ^' 

Applying this operator to the position vector yields a complex velocity 

d v+ + v^ .v+ — v^ 

V = —xit) = V -lU = — I — . 9 

dt ^ ' 2 2 ^ ' 

This complex time derivative operator has been found to be given by [1] 

I^H-V.V-.I^A. (10) 

It plays the role of a "covariant derivative operator", i.e., of a tool that allows the equation 
of dynamics in a fractal nondifferentiable space to be given the same form as in a classical 
differentiable one. 

Namely, the classical part of the system can be characterized by a Lagrange function 
C{x, V, t), from which an action S is defined 

S= r C{x,V,t)dt, (11) 



4 



where both the Lagrange function and the action are now complex because the velocity V is 
itself complex. Using this covariant derivative, one then write the equation of dynamics in 
a potential under Newton's classical form (although this equation is no longer classical) 

m^V = -V(/>. (12) 
dt 

In the case when there is no external field the covariance is explicit, since Eq. (12) can be 
identified with a geodesies equation that takes the form of Galileo's equation of inertial 
motion ^ 

This vacuum form of the motion equation is also obtained when the field can be itself 
derived from a covariant derivative under a geometric interpretation, as in the case of 
gravitation in Einstein's theory of general relativity of motion, and now of gauge fields 
[18]. 

In both cases (with and without external field), the complex momentum V reads 

V = mV [1], so that the complex velocity V is the gradient of the complex action, 

V = WS/m. 

One then introduces a complex function if) which is nothing but another expression 
for the complex action 5, 

= e^'^/'^o. (14) 

The factor Sq must be introduced for dimensional reasons and has the dimension of an 
action (namely, it is identified with Ti in the case of standard quantum mechanics). The 
ip function is therefore related to the complex velocity as follows 

V = -z — V(ln^/^), (15) 
m 

so that the fundamental equation of dynamics of Eq. (12) reads 

z5o^(Vln^) = V0. (16) 

Replacing d/dt by its expression, given by Eq. (10), and replacing V by its expression in 
Eq. (15), one obtains 



V0 = iSq 



— V \n^l)-i\—{V\n^p.V) (V In ^) + PA( V In ^p) 
dt I m 



(17) 
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2.2 Basic remarkable identity 

Let us prove a general remarkable identity that plays a central role in the mathematical 
structure of the theory. Start from the following derivation (which is general, including 
the general relativity case where the indices are raised and lowered using a metric tensor) 



R R R 



R d^d^R - d^R d^'R d^R df'R 



d^df'R 



R 

Returning to the operatorial notation, this identity reads [1] 

AR 



R^ i?2 

(18) 



(Vlni?)' + Alni?. (19) 



R 

By taking its gradient, we obtain 

V(^^) = v{(Alni? + Vlni?)2}. (20) 

The first term in the right-hand side of this expression can be transformed, using the 
fact that V and A commute, i.e., VA = AV. The second term can also be transformed 
thanks to another remarkable identity 

V(V/)2 = 2(V/.V)(V/), (21) 

that we apply to / = In R. We finally obtain [1] 

„ /Ai?^ 



V R 



2(Vlni?.V)(Vlni?) + A(Vln/2). (22) 



This identity can be still generalized thanks to the fact that R appears only through its 
logarithm in the right-hand side of the above equation. By replacing in it R by R°', we 
obtain the general remarkable identity 

1 /A R"^ \ 

- V = 2a(Vlni?.V)(Vlni?) + A(Vlni?), (23) 

in which the numerical coefficient in the linear combination of the right-hand side is no 
longer constrained to be 2 but can now be any number. More generally, one obtains a 
gneral relation that reads in tensorial notation, including the case when the indices are 
raised and lowered by a metric tensor, 

- dk ^ = 2a In Rd^'dk\nR + d^d^du In R. (24) 

a R"' 
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2.3 Derivation of generalized Schrodinger equation and Comp- 
ton relation 



Equation (17) can be put under the form 



V0 = iSo 



^Vlni/j - iV 
ot 



niD 



(Vln^.V)(VlnV^) + A(Vln^) 



(25) 



Then using the generahzed identity (23) in which we set a = S()/2mV, we obtain 
° (VlnV.V)(Vln^) + A(VlnV') = -77-V'^ * 



So V 



(26) 



Therefore the right-hand side of equation (25) becomes a gradient whatever the value of 
5*0, namely 



V0 = iSo V 
Let us now define a new function 



JS/2mV 



(28) 



The two functions are related by the equation Imp = {2mV / Sq) Imp! , so that equa- 
tion (27) becomes 

'di'/dt-iVA^' 



V0 = i 2mV V 



(29) 



It can finally, without any further hypothesis, be integrated under the form of a generalized 
Schrodinger equation 



(30) 



More generally one obtains the same Schrodinger equation even when including the frac- 
tal (divergent) part of the complex velocity field in the covariant derivative [10, 21] and 
therefore in the very definition of the wave function. This implies that the nondifferen- 
tiability of space can manifest itself in the fractality and nondifferentiability of the wave 
function. This result agrees with the recent discovery by Berry [22] and Hall [23] of fractal 
solutions to quantum mechanical equations. 
The constant 5*0 is now fixed at the value 



So = 2mV. 



(31) 



In the previous derivations [1, 3], the relation 5*0 = 2mV was assumed as a necessary 
condition for transforming the geodesies equation in a Schrodinger-like equation. Here it 
has been derived without any additional hypothesis. This is an important point, since this 
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relation is nothing but a generalized Compton relation. Indeed, the parameter P is a mere 
re-expression of a fundamental length scale of the theory, Ac = TD jc. Now, in the standard 
quantum case, 5*0 can be taken to be a fundamental and universal constant, namely, it 
identifies with the Planck constant, 5*0 = In this case, the relation (31) becomes indeed 
the standard Compton relation, Ac = h/mc, and the equation (30) becomes the standard 
Schrodinger equation. 

But we stress, in the scale relativity approach, that: 

(i) The whole physical and mathematical structure remains self-consistent even for a 
value of 5*0 different from provided it remains a constant for the system under consid- 
eration. 

(ii) The Compton length receives in this framework a new interpretation, namely, it 
gives the amplitude of the fractal fluctuations. Indeed, this amplitude reads under the 
form (d^/Ac)^ = rf'{cdt/\^, so that the Compton length (and therefore the mass in 
standard quantum theory) can be defined in a geometric way as 

cat 

where () denotes averaging over the stochastic or fluctuating variable 77, whatever may be 
its probability distribution. 

(iii) The de Broglie length also acquires, in such a framework, a simple geometric 
interpretation as a classical to fractal transition (in scale space). Indeed, since dx and dt 
are differential elements of the same order, one may write c?^^ = 77^ x X^cdt under the 
form dC,"^ = f]^ X Xdx. The new length scale introduced in this expression for dimensional 
reasons therefore reads A = cXc/{dx/dt), i.e., 

A = - X Ac, (33) 

V 

which generalizes the non relativistic de Broglie scale since this gives A = h/mv when 
Ac = h/mc in the standard quantum case. The elementary displacements therefore read 

dX = dx + d^ = dx{l + Tj^ \/dx)^ and they indeed show a transition from a classic, 
differentiable behavior to a fractal, nondifferentiable (i.e., scale-divergent) behavior when 
dx becomes smaller than A. 

This result is an important point as concerns the possible applications of the theory, 
since it proves that the full mathematical and physical structure (Schrodinger equation 
and Compton-de Broglie relations for the wave function which is a solution of it) is 
preserved in a scheme more general than the standard quantum one ( which corresponds 
to the very particular case D = h/2m). This result therefore involves the possibility to 
build macroscopic quantum-type systems which are no longer constrained by the Planck 
constant (for example systems embedded in fractal media which would be scaling on a 
large range of scales [1]) and/or the possibility that such systems do already exist in 
nature [1, 5, 6, 7, 12, 14]. 
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(32) 



3 Schrodinger equation in fluids mechanics 



3.1 From Schrodinger to Euler and continuity equations 

By separating the real and imaginary parts of the generalized Schrodinger equation and by 
using a mixed representation of the motion equations in terms of (P, V), instead of (V, U) 
in the geodesies form and (P, 6) in the Schrodinger form, one obtains fluid dynamics-like 
equations, i.e., a Euler equation and a continuity equation (this is a generalization of 
the Madelung-Bohm transformation, but whose physical meaning is set from the very 
beginning instead of being a posteriori interpreted). 

Let us recall explicitly this transformation. We first come back to the definition of the 
wave function by making explicit the probability and the phase, namely, 

iP = y/Px e*^/2"*^. (34) 

By introducing this form of the wave function in the Schrodinger equation (30) with an 
exterior scalar potential (p, we obtain 

\ 2m\dt 2m ^ Jp 2^/P \ dt ^ m' \ 



(35) 

Now the complex velocity V = V — iU being linked to the wave function by the relation 
V = —2iW\nil), its real part is therefore given in terms of the phase by the standard 
classical relation [1] 

t/ = ^. (36) 

m 

We note once again that this fundamental identification is here derived (since V has been 
defined from the very beginning as the real part of the geodesies mean velocity field), 
while in the standard Madelung transformation V is defined from the above equation 
itself, and it is therefore interpreted from it. In the scale relativity / nondifferentiable 
space-time approach, the velocity field and therefore the wave function from which it 
derives characterize from the beginning the bundle of potential fractal geodesies. 

By replacing in the above form of the Schrodinger equation VS/m by the real velocity 
field V, it reads 




[ 2m \dt 2 -r -^j 2^ 

The real part of this equation is an energy equation 

dS 1 



+ div(Py)^ I e^^/2m© _ Q_ 



(37) 



E = -^ = ^mV' + (P + Q, (3^ 
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whose gradient yields an Euler-type equation 



(|-v)..-v(i±«), 

while the imaginary part is a continuity equation, namely, 

dP 

— + div(PV) = 0. (40) 
ot 

But, in the energy and Euler equations, an additional potential energy Q has emerged, 
that writes 

Q = -2mV^^^. (41) 



This scalar potential generalizes to a constant V which may be different from h/2m the 
quantum potential obtained in the Madelung-Bohm transformation. The potential Q is 
now understood as a manifestation of the fractal geometry, and the probability density is 
also interpreted in this framework as arising from the distribution of geodesies, so that the 
Born postulate is derived [3, 10, 11], as can be verified by numerical simulations [24, 25]. 

3.2 Inverse derivation: from Euler to Schrodinger equation (pressure- 
less potential motion) 

It is less well known that the transformation from the generalized Schrodinger equation 
to the Euler and continuity equations with quantum potential is reversible. Indeed, the 
Euler and continuity system reads in the pressure-less case 

(^I.^V.v)v.-v[,-2V^^). (42) 

^ + dWipV) = 0. (43) 

Their form is similar to Eqs. (39) and (40), but with the probability density P replaced 
by the matter density p and with m = 1. Assume, as a first step, that the motion is 
irrotational (see the following Section 3.5 for the account of vorticity and pressure). Then 
we set 

V = VS. (44) 
Equation (42) takes the successive forms 

^(V5) + ^V(V5)2 + V (^0 - 21^'^) = 0, (45) 
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V(f + i(VS)= + ^-2P^^)^0. (46) 
which can be integrated as 

^ + ^(V5)^ + + C - 2V'^ = 0, (47) 

where C is a constant that can be taken to be zero by a redefinition of the potential 
energy (p. Let us now combine this equation with the continuity equation as follows: 

(f - . . - . (I . d.v(.V.,) ) - 0. (48) 

We have therefore recovered the form (35) of the Schrodinger equation (with m = 1). 
Finally we set 

^ = ^ X e'^/^^, (49) 

and the equation (48) is strictly identical to the following generalized Schrodinger equa- 
tion: 

V'^A^j + il^^tp - = 0. (50) 

Given the linearity of the equation obtained, one can normalize the modulus of ip by 
replacing the matter density p by a probability density P = p/M, where M is the total 
mass of the fiuid in the volume considered. These two representations are equivalent. 

The imaginary part of this generalized Schodinger equation amounts to the continuity 
equation and its real part to the energy equation that reads 

E = -^ = lmV^ + ^-2V^^. (51) 
at 2 y/p 

3.3 From Euler to Schrodinger: account of pressure 

Consider now the Euler equations with a pressure term and a quantum potential term: 

(|,,.V).^-V,-^H-2.^V(^). (5.) 

When Vp/p = Vw is itself a gradient, which is the case of an isentropic fiuid, and, more 
generally, of every cases when there is an univocal link between pressure and density, e.g., 
a state equation [28], its combination with the continuity equation can be still integrated 
in terms of a Schrodinger-type equation [5], 

V^Aijj + ^l^^-ip - ^^^/^ = 0. (53) 
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Now the pressure term needs to be specified through a state equation, which can be chosen 
as taking the general form p = kpp^ . 

In particular, in the sound approximation, the hnk between pressure and density writes 
p — Po = (p — po), where Cs is the sound speed in the fluid, so that Vp/ p = V In p. In 
this case, which corresponds to 7 = 1, we obtain the non- linear Schrodinger equation 



with kp = cj.. When p — po <S Po, one may use the additional approximation V In p 
(Cg/po)Vp, and the equation obtained takes the form of the non-linear Schrodinger equa- 
tion which is encountered in the study of superfluids and of Bose-Einstein condensates 
(see e.g. [29, 30]), and which is also similar to the Ginzburg-Landau equation of super- 
conductivity [32] (here in the absence of field). 



with j3 = c1/2pQ. In the highly compressible case the dominant pressure term is rather of 
the form p oc p^, so that p/ p (x p = and one still obtains a non-linear Schrodinger 
equation of the same kind [29]. 

3.4 From Schrodinger equation in vectorial field to Euler and 
continuity equations 

Let us now consider a more general case. In the previous sections, only a scalar external 
field was taken into account. We shall now study the decomposition of the Schrodinger 
equation which applies to a system subjected to a vectorial field (such as, e.g., a magnetic 
field). As we shall now show, it can also be generally decomposed in terms of a Euler- 
type equation and a continuity-type equation, with the external vectorial field playing 
a role similar to the rotational part of the velocity field. Thanks to this analogy, this 
decomposition applies actually to two different cases: (i) quantum fluids subjected to a 
magnetic field (such as in the Ginzburg-Landau equation of superconductivity); (ii) some 
fluids with a non-potential velocity field. 

Start from the general form of the Schrodinger equation for a spinless particle subjected 
to a scalar field and to a vectorial field Kj (for example, an electromagnetic field): 



In order to prepare the reverse derivation in which K actually represents the rotational 
part of the velocity field of the fluid under consideration, we have given here to the 
potential K a form in which it has the dimensionality of a velocity. In the case of an 




(54) 




(55) 




(56) 
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electromagnetic field, it is related to the vector potential A by the relation K = {e/mc)A. 
In the particular case when V = h/2m, one recovers the Schrodinger equation of standard 
quantum mechanics in the presence of a vectorial field, 

( — (-thV-mK? + (j)\ij = ih^. (57) 
1 2m J ot 

Note that this equation may be itself founded from the scale relativistic interpretation of 
gauge field theories according to which the field and the charges emerge as manifestations 
of the fractality of space-time [27, 18, 19]. In this approach, the QED covariant derivative 
—iTiW = —ihV — mK can be derived from geometric first principles, and therefore the 
electromagnetic Schrodinger equation can be established as the integral of a geodesic 
equation (see also [20]). 

Let us expand the Hamiltonian. We obtain (reintroducing for clarity indices running 
from 1 to 3) 

- 2V^AiJj + 2iVKkd^i) + iV{dkK^)i) + -{KkK^)ip + —ip = 2iV^. (58) 

We now express the wavefunction ip in terms of its modulus and of its phase, 

il: = \fPx e'^. (59) 

Therefore we have 

dktlj = {dkVP + i\^dke)e'\ dtip = (9t/P + i^/P dt9)e'\ (60) 

Az^ = [{dkd^^/P - y/Pdk9 0^9) + i{2 dk9 d^^/P + ^/Pdkd^9)] e'^ . (61) 
The Schrodinger equation becomes, after simplification of the e*^ term in factor, 

- 2V'^(dkd''VP - ^/Pdk9d^9) - 2VVPKkd''9 + ( -K^K^ + — ) /P + 2VVPdt9 

\2 m J 

+i[-2V'^ (yPdkd^9 + 2dk9d^^/p) + 2VKkd''VP + V{dkK'')VP - 2V dtVp] = 0.(62) 
3.4.1 Continuity equation 

Let us first consider the imaginary part of this equation. After multiplication by 2\/P it 
becomes 

- 2VdtP - 2V^{2PA9 + 2dkPd^9) + 2V{Kkd^P + PdkK^) = 0. (63) 
Without the indices, it reads 

dtP + 2V{PA9 + VP. V^) - K.VP - P V.K = 0. (64) 
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Let us now introduce, as in the scalar field potential motion velocity field 

V = 2vve. 

We obtain 

dtP + P V.V - P V.K + VP.V - VPK = 0. 
This leads us to define a full 'velocity field' as 

v = V -K, 

in terms of which the above equation reads 

dtP + P V.w + VPv = 0, 

and finally becomes the continuity equation 

dP 



dt 



+ div{Pv) = 0, 



(65) 
(66) 

(67) 
(68) 

(69) 



which is therefore generally valid, provided it is written in terms of the full velocity field 
V = V — K instead of only the velocity field V (which is linked to the phase of the wave 
function). 

3.4.2 Energy equation 

Let us now consider the real part of equation (62). It reads 



P m 



2V Kk d'^e + ]^KkK^ 



0. (70) 



We now use the equivalent notation 5* = 2mV6 (= h6 in the case of standard quantum 
mechanics), so that the wave function is now defined, like in previous sections, as 



We obtain 



1 

2m 



dtS + -^dkSd''S 



xfP 2 



(71) 



(72) 



The potential part of the full velocity field now reads 

V5 



V 



m 



(73) 
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and we get the energy equation 



^ + -7^"^ + -mK'^ -mV.K + (b-2mV'^^^ = Q. (74) 
dt 2 2 ^fP ^ ' 



One recognizes, once again, the emergence of the full velocity field v = V — K in this 
equation, where V is potential while K is rotationnal. In its terms the energy equation 
takes the same form as in the scalar field case, namely, 

- = -mv^ + d) - 2mV^ — (75) 
dt 2 ^ y/p ^ ' 



When the energy is conserved, E = —dS/dt. We therefore recover the same three contri- 
butions of kinetic energy Ec = ^mv'^, exterior potential energy (j), and quantum potential 
energy 



,2 AV^ 



Q = -2mV' (76) 
VP 



as in the previous case. The quantum potential also keeps exactly its previous form in 
this new (vectoriel field) situation. 

Let us now take the gradient of the energy equation. One obtains 

f4v,.,.-v(i±^). 

In the potential case, |V(f^) = (^^V)f . But here, in the case of rotational motion, this 
relation leads to the introduction of a vorticity-like quantity, u = curlf , i.e., 

(^ak = daVk - dkVa = OkK^ - O^Kk- (78) 

Since K represents here a vector potential, —uj = curl K therefore represents a magnetic- 
like field. In tensorial notation we have 

^d^{v^Vk) = V^'do.Vk = V^dkVa + V^{do,Vk - dkVa) = v'^dkVa + v'^Uak, (79) 

i.e., 

-V{v^) = {v.V)v + v X u. (80) 
Therefore, since V = v + K and curl v = —curl K, one finally obtains the equation 

|! + (,.v). = + . X curli^ - V ( ^] . (81) 

ot at \ m J 

One recognizes in the right-hand side of this equation the exact analog of a Lorentz force, 
to which is added the quantum force —'VQ/m. The term —dK/dt is the analog of the 
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magnetic contribution —dA/cdt to the electric field S = —dA/cdt — 'V(f), while v x curlii' 
is the analog of the magnetic force (e/c) f x curl A (see e.g. [26]). 

This equation has therefore exactly the form of the Euler equation that is expected 
for a fluid of velocity field v coupled to a scalar potential (j) and to a vectorial potential 
K, and subjected to an additional quantum potential Q. It agrees with the continuity 
equation which is also written in terms of the full velocity field v. 



3.4.3 Prom Ginzburg-Landau equation to fluid equations with magnetic field 
and quantum potential 

Such an approach can be applied to the transformation of the Ginzburg-Landau equation 
of superconductivity into the classical equations for a fluid subjected to a magnetic field 
and to a quantum-like potential. 

Let us start indeed from the Ginzburg-Landau equation of superconductivity [32] 
generalized to a coefficient V which may be different from h/2, 



[V\/-i—\ ij + ai)- (3\i)\^i) = Q, (82) 



where A = {mc/e)K is the magnetic vector potential. 

From the previous decomposition, it is equivalent to the classical continuity and Euler 
equations of a fluid subjected both to a Lorentz force and to a quantum potential Q, 
namely (for m = 1) 

dP 

— + div(Pt;) = 0, (83) 

dv dK 

^v,\/v = — — + u X curlK - VQ, (84) 
ot ot 



Q = -2V^ (85) 



where P = and 



The reversibility of the transformation (see next section 3.5) means that, if one applies to a 
classical charged fluid a classical force having exactly the form of the 'quantum potential' 
Q (with a coefficient V no longer limited to the microscopic value fi/2), such a fluid would 
be described by the Ginzburg-Landau equation and it would therefore acquire some of 
the properties of a superconductor. 



3.4.4 Euler equation when v x curlf vanishes 

A more simple form of Euler equation may be recovered in rather general situations, as 
we shall now see. 

When V x curlf = 0, this means that v and curlt; are parallel, i.e., curlw = Xv 
(Beltrami stream). In this case the Schrodinger in vectorial field equation takes the form 
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of a standard Euler and continuity system of equations for a fluid subjected to a quantum- 
type potential Q = —2mV'^ A^/P/^/P and to a force Fk = —dK/dt, namely, 



dv 
di 



+ {v.V)v = Fk-V 



+ g 



) 



(86) 



dP 
'dt 



+ dw{Pv) = 0. 



(87) 



3.4.5 Euler equation when v x curlf is a gradient 



When V x curli; = V.^//m,which corresponds to curl(t' x curlt;) = 0, plays the role of 
an additional scalar potential, and the Schrodinger equation in vectorial field may also 
be given the form of a standard Euler and continuity system of equations for a fluid 
subjected to a quantum-type force Fq = — VQ, with Q = —2mV'^ A\fP/ \fP, to a force 
Fx = —dK/dt, and to a total force F = — V(^/ + 0)/m, namely. 




dP 
'dt 



+ div{Pv) = 0. 



(89) 



3.5 Inverse problem: from Euler equation with vorticity to Schrodinger 
equation in vectorial field 

The previous calculations are reversible in the case when v x curlw is a gradient, and 
therefore they allow us to achieve a new result. Namely, the equations of the motion of a 
fluid including a rotational component subjected to a quantum-type potential can also be 
integrated in terms of a (possibly non-linear) Schrodinger equation, the rotational part of 
the motion appearing in it under the same form as an external vectorial field. 

Consider a classical non-viscous fluid subjected to a scalar potential and described 
by its velocity field v{x,y,z,t) and its density g{x,y,z,t). These physical quantities are 
solutions of the Euler and continuity equations. 




(90) 




(91) 



In the case of an isoentropic fluid, and more generally in all cases when there exists a 
univocal link between the pressure p and the density g, Vp/g becomes a gradient [28], 
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namely Vp/g = Vw, where w is the enthalpy by mass unit in the isentropic case (s = 
est). In this case we set 

V(/>+ — = V(0 + zi') = V$, (92) 
Q 

and the Euler equation becomes 

(^^ + v.V^v = -V^. (93) 
Let us now assume that the classical fluid is sujected to an additional force 

Fq = -Vg = ' (94) 

so that the Euler and continuity equations read 

+ v.V^ v = -Viw + <p + Q), (95) 

|^ + div(f?^;) = 0. (96) 
The Euler equation can be written under the form 

dv 1 

— + 2^(^^) - ^' ^ cu^l^' = -V(m; + </) + Q), (97) 

In general the velocity fleld v is not potential. Let us decompose it in terms of a potential 
(ir rotational) contribution V and a rotational one K. Namely, we set 

v = V-K, V = VS. (98) 

Then we build a "wavef unction" by combining this function S and the density g in terms 
of a complex function: 

^ = ^ X e*^/2©_ (99) 

Therefore dv/dt = dVS/dt - dK/dt = \/{dS/dt) - dK/dt, so that the Euler equation 
now reads 

^-vxcmlK = V (^^ + ^v^ + w + (l) + Q^ . (100) 

In the general case, the left-hand side of this equation is not a gradient, so that it cannot 
be integrated under the form of a (generalized) Schrodinger equation. 

However, there is a large class of conflgurations when this is possible. Indeed, in the 
case when 

OK 

— -V xcmlK = -Vx, (101) 
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the Euler equation can be integrated in terms of an energy equation that reads 

dS 1 

— + -v^ + w + 4> + X + Q = 0, (102) 

up to a constant which can be set to zero by a gauge transformation of the phase S. We 
have therefore recovered the conditions (energy equation and continuity equation) which 
lead to the construction of a nonhnear (NL) Schrodinger-type equation. 

Therefore the whole calculation of the previous Section 3.4 can be reversed in this case 
(with m = 1 and P oc g), so that we can integrate the Euler and continuity system in 
terms of a non-linear "magnetic" Schrodinger-type equation that writes 

W-4)^,...f.(^),, (103) 

where ip = ^Jq x exp(iS'/2D). In general the pressure, and therefore the enthalpy w is a 
function of the density p = which contributes to the non-linearity of this equation. In 
the absence of vorticity, it is similar to the kind of NL Schrodinger equation encountered 
in the study of superfiuids and Bose- Einstein condensates (see e.g. [30, 29]). 
Equation (103) can also be given an expanded form, 

9 , dib i(b + w + Y K"^ V 1 , , 

V^Aij + iV^ = { ^ ^ ^ +-r + ^i7 V.if + iVK.V V^, 104 
at [ 2 4 2 J 

where the term between brackets in the right-hand side may be interpreted, when K.Vip 
is negligible, as a generalized potential energy. 

The vorticity uj = — curli^' plays a role similar to a vectorial field. Its evolution 
equation, which can be obtained by taking the curl of the Euler equation, namely, 

— = curl(t; X to), (105) 

becomes identically verified in the considered case when dK/dt — v x curlii' is a gradient. 
But it is no longer here an independent field externally applied, so that the velocity field K 
in the Schrodinger equation is in this case one of the unknowns to be solved. Nevertheless, 
despite this situation, this result may remain physically meaningful and useful, since the 
Schrodinger equation and its solutions has general properties which are valid whatever 
the applied fields. 

Let us finally consider the stationary version of Eq. (103) in the general case when the 
pressure terms reads w = p/ p oc p (see Sec. 3.3). We obtain 

fW-iyj ip + a'^ - (3\ip\'^'^ = 0, (106) 

with a = (-E — — x)/2. This equation has exactly the form of the Ginzburg-Landau 
equation of superconductivity [32], generalized to a coefficient 2V which may be different 
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from h. This result may be applied to the two cases initially considered at the beginning 
of Sec. 3.4, namely: 

(i) A classical charged fluid subjected to an electromagnetic field and to a classical po- 
tential taking the form of the quantum potential Q. As already remarked in Sec. 3.4.3, 
the equations of motion of such a fluid (continuity equation and Euler equation with a 
Lorentz force) may be combined in terms of a single complex equation which takes the 
form of the Ginzburg-Landau equation of superconductivity. One may therefore hope 
such a fluid to acquire some of the properties of a quantum fluid. 

(ii) The potential K does not represent here an external magnetic field, but a rotational 
part of the velocity field. This means that a non-linear Schrodinger form can also be 
given to some fluids showing vorticity and subjected to an external potential having a 
quantum-like form. 



3.6 From Navier-Stokes to non-linear Schrodinger equation 

Let us finally consider the general case of Navier-Stokes equations including a viscosity 
term. The fluid mechanics equations including a quantum-type potential read in this case 

(^ + ^-V^t^ = ^^At;-^- V(0 + g), (107) 

^ + dw{gv) = 0, (108) 
where the quantum-type potential energy is still given by 

Q = -2I?2 (109) 

We set as in the previous section 

v = V -K, V = VS, tp = y^x (110) 
i.e., V is the potential part of the full velocity field v. Therefore the viscosity term reads 

uAv = z/A(V5 - K) = uV{AS) - uAK, (111) 
and, assuming once again Vp/g = Vw, the Navier-Stokes equation now takes the form 

+ uAK -vx curly = -V ( ^ - uAS + -v"^ + w + (f) + q] . (112) 
dt \ot 2 J 

This equation is not generally integrable. However, it nevertheless becomes integrable for 
a large class of flows, namely, those for which its left-hand side is a gradient, 

OK 

- ^— + uAK -V X cmlv = Vx- (113) 
dt 
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In this case one obtains an energy and a continuity equation that read 



— -uAS + -v^ + w + ^ + X + Q = 0, 

ot 2 ot 



+ div{gv) = 0, 



(114) 



and which can be combined into the form of a non-hnear Schrodinger equation of the 
magnetic type, 



The viscosity therefore leads to add a new nonhnear term in this NL Schrodinger equa- 
tion, that depends on the phase S/2V of the wave function. When the fluid motion is 
irrotational, the integration under the form of a NL Schrodinger equation of the continuity 
and Navier-Stokes equations including a quantum potential is always possible. 

4 Schrodinger equation for the rotational motion of 
a solid 

4.1 Introduction 

In the previous sections, a Schrodinger form has been obtained for the equations of motion 
and of continuity of a fluid subjected to a quantum potential. However, the method we 
used may be applied not only to a fluid but also to a mechanical system. Indeed, we 
have shown [5] that the scale relativity approach can be applied to the rotational motion 
of a solid, leading once again to a Schrodinger-type equation. Here we give an improved 
demonstration of this Schodinger equation, then, as in previous sections, decompose it 
in terms of its real and imaginary parts, and then obtain a new generalized form of the 
quantum potential. Reversely, the addition of such a new quantum potential in the energy 
equation yields, in combination with the continuity equation, a Schrodinger equation. 

4.2 Equation of rotational solid motion in scale relativity 

Let us briefly recall the results of [5, 33], in which a Schrodinger form was obtained for 
the equation of the rotational motion of a solid subjected to the three basic effects of a 
fractal and nondifferentiable space (namely, infinity of trajectories, fractal dimension 2 
and reflection symmetry breaking of the time differential element). 

The role of the variables (x, v, t) of translational motion is now played respectively by 
{ip,Q,t), where ip stands for three rotational position angles (for example, Euler angles) 
and Q for the angular velocity. We choose a contravariant notation ip'' for the angles, 
where the indices run from 1 to 3, and we adopt Einstein's convention for summation on 




dtp _ 1 
'dt ~2 




(115) 
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upper and lower indices. The Euler-Lagrange equations for rotational motion classically 
write [31] 

d dL dL 

in terms of a Lagrange function L = {l/2)IikO,^Q^ — $, where lik is the tensor of inertia 
of the solid body and $ its potential energy in an exterior field. Therefore the angular 
momentum of the system is 

dL 

= — = (117) 



The torque is given by 



dL , , 



and the motion equations finally take the Newtonian form 

dM. 



dt 



Ki. (119) 



Let us now consider the generalized description of such a system in the scale relativity 
framework. Following the same road as for position coordinates, in the generalized situa- 
tion when space-time is fractal, the angle differentials dip = dx^ + d^^ can be decomposed 
in terms of two contributions, a classical ( different iable) part dx^ and a fractal fluctuation 
d^^ which is such that (rf^i^) = and 

{d^^:^d0 = 2V^'dt. (120) 

where is now a tensor which generalizes the scalar parameter V of the translational 
case. As we shall see in the following, this tensor is, up to a multiplicative constant, 
similar to a metric tensor. 

The breaking of reflexion invariance {dt —dt) on the time differential elements, 
which is a consequence of the nondifferentiability, yields a two-valuedness of the angular 
velocity [1, 2, 3]. This leads to introducing a complex angular velocity Q, then a complex 
Lagrange function L{ip, Q, t). The two effects of nondifferentiability and fractality of space 
can finally be combined in terms of a rotational quantum-covariant derivative [5], 

^ = ^ + n'd,-zV^%dk, (121) 

dt at 

where dk = d/dip^ . Using this quantum-covariant derivative, we may generalize to fractal 
motion the equation of rotational motion while keeping its classical form, 

= -5.$, (122) 
where Ijk is the tensor of inertia of the solid and $ an externally added potential. 
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We then introduce a complex function (which will subsequently be identified with a 
wave function) as another expression for the complex action S = J Ldt, 

ij = e*^/^o, (123) 

where 5*0 is a real constant introduced for dimensional reasons. Now the complex angu- 
lar momentum is, like in classical solid mechanics, linked to the complex action by the 
standard relation Mk = dS/d(f^, so that one obtains 

Mk = lak^'' = -^So da In ^j. (124) 

Let us therefore introduce the inverse of the tensor of inertia, = such that 

lakl"" = € (125) 

This allows us to express the complex velocity field in terms of the wave function, 

n'' = -iSoI^'^dalritl). (126) 

We can now replace the velocity field by this expression in the covariant derivative and 
in the rotational motion equations. We obtain 

which can be written as 

_,:5„(.4,,_,{s„.,,„,/-...„M...-9Aa.l.«)^*-. (128) 

We have reversed in the second equation the places of 7*^^ and dp: this is possible since l'^^ 
is assumed to be constant. This reversal allows one to make appear the operator I^^dk- 
Provided the tensor of inertia plays the role of a metric tensor, we have I^^dk = d^, 
and we recognize in the expression under brackets {} a tensorial generalization of the 
expression which was encountered in the translational motion case, namely, 

Som-^ {dp\n'^d^)djnip + Vdud'^d^ In t/^ . (129) 

Indeed, as recalled at the beginning of this paper, the relation 

SQm~^=2V, (130) 

that is nothing but a generalized Compton relation, allows one to transform this expression 
into a remarkable identity which leads to the integration of the motion equation in terms 
of a Schrodinger equation. 
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Now we are able to generalize this result to the rotational motion case, despite the 
complication brought by the fact that the mass is replaced by the inertia tensor. Indeed, 
the inverse of the mass is replaced by the inverse tensor [/]~^, and we can identify the 
fractal fluctuation tensor with this metric tensor up to a constant, namely 

P"'^ = yr^, (131) 

i.e., in matrix form, 5'o[/]~^ = 2[D]. (Note the correction to [5, 33] where an inverse rela- 
tion between these quantities was erroneously given; the Schrodinger equation obtained 
in these papers nevertheless remains correct). This is a new tensorial generalization of 
the Compton relation. Moreover this means that it is the inertia tensor itself which serves 
as a metric tensor and can be used to raise and lower the indices, e.g., P^djdk = d^dk, 
while V^^ does the same but up to a constant, namely, V^^djdk = {So/2)d''dk- 

The existence of a similarity between the rotational diffusion term MjD^'^Mk, where 
M denotes angular momentum operators, and the corresponding quantum mechanical 
Hamiltonian of a rigid body has already been remarked by Dale Favro [34] in 

his theory of rotational Brownian motion. Here we directly identify to {So/2)P^ (but 
T)^^, despite its stochastic definition, should not be confused with a standard diffusion 
coefficient). 

The equation of motion now takes the form 

-iSo (^a„^lnV'-^y{/'^a;3ln^afca„lnV' + /^'a,afca„lnV^^^ = K^, (132) 

and, using the tensorial notation P^dj = d^, it can now be written as 

- z5o |^9„^ln^/'-Zy{29Mn^/;(9fc9„lnV^ + a'=9fc(9„ln^/'}^ = K^. (133) 

We recognize in this expression the remarkable identity Eq. (24) of Sec. 2.2 so that we 
can simplify it under the form 

-.5o(9„|ln^-z|^9„^) =-9„$, (134) 

and finally write it globally gradient, 

S„S.{»i5^*±iM^}=9.,t^ (135) 

This equation can therefore be integrated in the general case under the form of a new 
generalized Schrodinger equation that reads [5, 33] 

So (v^'djdk^ + I ^^ifj) =^^. (136) 
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In terms of the inverse tensor of inertia this rotational Schrodinger equation reads 

]^Sl P%d,^ + tSo^^^P = ^^. (137) 

Since the tensor of inertia plays the role of a metric tensor, in particular for the lowering 
and raising of indices, it can finally be written as 

which keeps the form of the scalar case [1], while generalizing it. 

The standard quantum case is recovered by identifying 5*0 with h, but, once again, all 
the mathematical structure of the equation (and therefore of its solutions) is preserved 
with a constant that can have any value, including a macroscopic one. 

We may now conclude by returning to the fractal angular fluctuations, that writes in 
terms of the inverse inertia tensor 

{de:,de^) = soP'dt. (139) 

We therefore gain a complete justification of the identification of the tensor of inertia with 
a metric tensor, since, owing to the fact that I'^-'Ijk = (^fc = 3, we obtain the invariant 
metric relation 

c?t=^(c?e^O, (140) 

where 5*0 = ^ in the standard quantum case, and where dt (which appears instead of its 
square dt^ as an expression of the fractal dimension 2) is indeed the fundamental invariant 
here since all this study is done in the framework of Galilean motion relativity. 



(138) 



4.3 Fluid representation and newly generalized quantum poten- 
tial 

Let us now give this Schrodinger equation a fluid mechanical form. This can be easily done 
by following the same steps as in Sec. 3.1, but now using tensorial derivative operators. 
We set 

^ = X e*^/^°, (141) 

and we replace ip by this expression in Eq. (138). The imaginary part of this equation 
reads 

^VPdkd'S+ dkSd'^^+^ = 0. (142) 
2 dt 

i.e., after simplification, 

8P 

— + dk{Pd''S) = 0. (143) 
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Since 5* is the real part of the complex action, it is linked to the angular momentum 
(which is itself the real part of the complex angular momentum) and to the real angular 
velocity VL^ by the relations 

M„ = I^jQ.^ = daS. (144) 

Now, since I^'^Iaj = ^1, we find 
Therefore 

Finally, we find that the imaginary part of the rotational Schrodinger equation amounts, 
once again, to a continuity equation in the general case 

BP 

+ dkiPn') = 0. (147) 

ot 

Note the correction to Refs. [5, 33], in which we concluded that this was the case only 
in some particular reference systems. This means that the probability interpretation of 
P = is also generally ensured [3, 10]. 
The real part of Eq. (138) takes the form 

^ + *_ls^*^+l4Sa'S = 0. (148) 



dt 2 " y/p 2 

Let us first consider the last term of this expression. It reads 

^dkSd'^S = ^MkQ" = h.^nm'^ = T,ot, (149) 

which is the classical expression of the rotational kinetic energy. In the conservative case, 
E = —dS/ dt is the total energy, so that we recover the standard energy equation, 

E = $ + g + T,ot, (150) 
but which now includes an additional potential energy that reads 



This is a new generalization of the quantum potential in the rotational case. 

An Euler-like equation including this quantum potential is simply obtained by taking 
the gradient of this equation, namely, 

da (^^^ + da i^^'Mu) = -da{^ + Q). (152) 
26 



Now one has da{dS/dt) = d{daS)/dt = dMa/dt, and since = daS is a gradient, 
daTrot = ^'^daMk = Vt^dkMa, SO that we finally obtain 

^ + n^di^j M„ = -d^{^ + Q), (153) 

which is indeed the expected generalization in terms of an Euler equation of the equation 
of dynamics dM / dt = K in the case when the rotational velocity becomes a velocity field, 
namely, Q = Q[(p(t),t]. 



4.4 From Euler to Schrodinger equation 

Reversely, one may now consider a rotating body or an ensemble of rotating bodies which 
are subjected to a fiuctuating motion of rotation, such that the rotational velocity can be 
replaced, at least as an approximation, by a rotational velocity field Q = Q[if(t),t\. 

Assume, moreover, that each body is subjected, in addition to the torque — of an 
exterior field, to a quantum-like torque Kq = —V^pQ, where the quantum potential Q is 
given by Eq. (151). 

Such a system would be described by an Euler equation and a continuity equation, 

(| + tfa.)M. = -a„(*-ls.= ^^^a|^:^), (154) 



dP 

— + dkiPn") = 0, (155) 
at 

which, after introducing the wave function ip = \fP x e**^/"^", can be recombined to yield 
a generalized Schrodinger equation that reads 

^^o' i'^'dA^ + 2 S-o = $ ^, (156) 

so that it would be expected to show some kind of quantum-type properties. Indeed, in 
the particular case 5*0 = ^, we recover the standard Schrodinger equation of the quantum 
mechanical description of a rigid body which is used, e.g., for determining the rotational 
levels of molecules taken as a whole. In the macroscopic case, such an equation has been 
applied with positive results to the study of the probability distribution of the inclination 
and obliquity of chaotic astronomical bodies [7, 33] . 



5 Diffusion potential opposite to the quantum poten- 
tial 

The question of the relation of the quantum theory with diffusion processes has been 
posed for long. Our aim in this section is not to study in detail this question, but to 
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enlighten it by a new result, according to which a diffusion process may also be written in 
terms of a a Euler equation including an additional potential energy, which is exactly the 
opposite of a quantum potential. Such a result leads to characterize the quantum behavior, 
which is in many cases self-organizing and stabilizing (as demonstrated by the existence 
of stationary solutions describing stable structures such as atoms and molecules), as an 
opposite of the diffusion behavior, which is instead linked to entropy increase and, most 
of the time, desorganization. 

Let us consider a classical diffusion process. Such a process is described by the Fokker- 
Planck equation: 

dP 

— + div(Pv) = DAP, (157) 
ot 

where D is the diffusion coefficient. When there is no global motion of the diffusing fluid 
or particles (f = 0), the Fokker-Planck equation is reduced to the usual diffusion equation 
for the probability P: 

dP 

^ = DAP. (158) 
dt ^ ' 

This well-known equation holds for the propagation of heat (in this case P is replaced 
by the temperature), for the diffusion of a fluid in a mixing of fluids (in this case P 
is replaced by the concentration of the diffusing fluid), and for the Brownian motion of 
particles diffusing in a fluid. 

Conversely, when the diffusion coefficient vanishes, the Fokker-Planck equation is re- 
duced to the continuity equation, 

dP 

— + div(Pt;) = 0. (159) 
at 

5.1 Continuity equation 

Let us now make the change of variable: 

V = v - DSIhiP. (160) 

Let us first prove that, in the general case f 7^ 0, the new velocity field V[x, y, z, t) is now 
solution of the standard continuity equation. Indeed, we obtain, by replacing V by its 
expression, 

dP dP dP 

— + div(PV) = ^ + div(Pv) - D div(PV In P) = — + div(Pv) - DAP. (161) 
ot ot at 

Finally using the Fokker-Planck equation, we find 

dP 

— + div(Py) = 0. (162) 

L/ 6 



28 



5.2 Euler equation for v = 

Let us now establish the form of the Euler equation for the new velocity field V. Let us 
calculate its total time derivative, at first in the simplified case v = 0: 

— = i — + V.v] V = -D—V\nP + D\VhiP.V)V\nP. (163) 

Now, since dV In P/dt = Vdln P/dt = S/{P~^dP/dt), we can make use of the diffusion 
equation so that we obtain: 

+ ^-v) ^ = " (VlnP.V)VlnP^ . (164) 

We shall now use again the remarkable identity Eq. (23), 

- V = A(Vlni?) + 2a(Vlni?.V)(Vlni?). (165) 

By using it for i? = P and a = 1, we can replace V(AP/P) by A(V In P)+2(V InP V) V In P, 
so that Eq. (164) becomes 

l^^ + KV^ V = -P)2[A(VlnP) + (VlnPV)VlnP]. (166) 

The right-hand side of this equation comes again under the identity (23), but now for 
a = 1/2. Therefore we finally obtain the following form for the Euler equation of the 
velocity field V: 

■ V.V\V = . (167) 



\dt ) \ VP , 

This result is remarkable for several reasons: 

(i) It gives an equivalence between a standard fluid subjected to a force field and a 
diffusion process. 

(ii) The above "diffusion force" derives from a potential (j)dis = 2D^ A\/P/ VP- This 
expression introduces a square root of probability in the description of a classical diffusion 
process. 

(iii) This "diffusion potential" is exactly the opposite of the quantum potential Q/m = 
-2V^Av^/Vp. 

The relation between quantum-type processes and diffusion processes is now enlight- 
ened in a new way: they appear as exactly opposite, so that quantum-type behavior can 
be considered as an ' ant i- diffusion' process in this context. 

The change of sign of the potential has therefore dramatic consequences, since in one 
case it yields a classical diffusion equation which is known to lead to desorganization, 
irreversibility and spreading in \/i while in the other it yields a Schrodinger equation that 
allows stationary solutions and leads to structuring and self-organization. 
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5.3 Euler equation for v 

Let us now consider the general situation of a non- vanishing global velocity field v. In 
order to do this calculation we now introduce the indices in an explicit way. Equation 
(163) takes the form 

^ + V^d.V'' = ^-Dd'' (^^^] + (v^ - D In P) dAv^ -DdHnP). (168) 
at ot \ P ) 

Accounting for the Fokker-Planck equation it becomes: 

-D v^djd^ \nP-D In P djV^ + D'^ In P djd^ In P. (169) 
After some calculation one finally obtains: 

^ + VWjV'' = -2D^ [ \/p J + V ^ ^ {d'^djv^ + {d'^v^ - dh^)dj In P}. (170) 

In the case when v is potential, the last rotational term vanishes and the force in the 
right-hand side of this equation derives itself from a potential 



$ = ^ - D + ^ + i(V^)^ (171) 



where we have set v = V(f. This is in particular the case of the scale-relativistic description 
(see Sec. 2.1) where v = v+ is potential. The quantum potential (plus possibly an external 
potential 0) can therefore be obtained in this case provided 

f + i(V^)^-i)A^ = ^-4D^^. (172) 

Under this condition, the Euler and continuity equations can be integrated under the 
form of a Schrodinger equation, 

D'A^ + zD^ = ^<P^. (173) 

Therefore the possible values of the velocity field v = differ fundamentally between the 
two situations (quantum versus diffusion). In particular = U -\- V = is excluded in 
the quantum case, since it leads to the standard diffusion equation. This explains how the 
Fokker-Planck equation can be common to the two processes, despite their fundamental 
antinomy. 
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6 Conclusion and future prospect 



In this paper, the equivalence between the scale relativity geodesic form of the motion 
equation, its Schrodinger form and its hydrodynamical form including a quantum potential 
has been established in several situations. The Euler and continuity equations with a 
quantum potential can be always integrated and combined under the form of a linear 
(without pressure) or non-linear (with pressure) Schrodinger equation (NLSE) when the 
fluid motion is irrotational. 

In the case of fluid motion including vorticity and therefore possibly turbulence, we 
have also obtained a Schrodinger form for a large class of possible flows. Such an equation 
is of the magnetic Schrodinger form, in which the vorticity field plays a role similar to that 
of an exterior electromagnetic field. Future work is needed to generalize this result to more 
general flows: we consider the possibility to use more complete tools, such as spinorial, 
bispinorial or multiplet wave functions (see [35] for a recent attempt of implementation 
of this proposal), and a generalized description of the vectorial vorticity field, using, e.g., 
non-Abelian gauge field theory [18]. 

The same transformation also holds for a classical charged fluid subjected to an elec- 
tromagnetic field to which one also applies a potential having the form of a quantum 
potential. Such a fluid is then described by a Ginzburg-Landau-like equation, and it is 
therefore expected to have at least some of the properties of a quantum fluid. This par- 
ticularly interesting case will be specifically studied in more detail in future works, since 
it could lead to a new kind of macroscopic superconducting-like behavior. 

Another generalization that we shall study in the future concerns the full Navier-Stokes 
equation including viscosity. In the present paper, we have shown that the viscosity term 
can be incorporated as a phase-dependent nonlinear term in the NLSE. However, as 
shown in [5], one may combine the viscosity coefficient and the parameter V in terms of a 
complex parameter, so that the viscosity term can be included in the covariant derivative 
of the scale relativity approach. One therefore also obtain a Schrodinger form for the fluid 
equations in this case, but in which the wave function needs a new interpretation. 

The same method has been applied to the chaotic rotational motion of a solid, and 
a generalized form of the quantum potential has been obtained in this case. Finally, 
we have shown in this paper that, after a change of variable, the diffusion equation can 
also be given the form of a continuity and Euler system including an additional potential 
energy. Since this potential is exactly the opposite of a quantum potential, the quantum 
behavior may be considered, in this context, to be equivalent to a kind of anti-diffusion. 
Consequences for the inverse problem (of possible partial reversal of the motion of a 
diffusive fluid) will be considered in future works. 

Let us conclude by recalling that some numerical simulations of possible future exper- 
imental devices implementing this theoretical description have given encouraging results 
[36]. Such kind of devices, in which the applied potential depends on the knowledge of 
some internal measurable properties of the system (such as a density of matter or a proba- 
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bility density) involves a retro-action loop which may be typical of living-like systems [16]. 
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